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THE VARIETIES OE HEISENBERG VERTEX OPERATOR ALGEBRAS 


YANJUN CHU AND ZONGZHU LIN 


Abstract. For a vertex operator algebra V with conformal vector cj, we consider a 
class of vertex operator subalgebras and their conformal vectors. They are called semi- 
conformal vertex operator subalgebras and semi-conformal vectors of (V, w), respectively, 
and were used to study duality theory of vertex operator algebras via coset constructions. 
Using these objects attached to (V,uj), we shall understand the structure of the vertex 
operator algebra (U, w). At first, we dehne the set Sc(U, w) of semi-conformal vectors 
of V, then we prove that Sc(y, uj) is an affine algebraic variety with a partial ordering 
and an involution map. Corresponding to each semi-conformal vector, there is a unique 
maximal semi-conformal vertex operator subalgebra containing it. The properties of 
these subalgebras are invariants of vertex operator algebras. As an example, we describe 
the corresponding varieties of semi-conformal vectors for Heisenberg vertex operator 
algebras. As an application, we give two characterizations of Heisenberg vertex operator 
algebras using the properties of these varieties. 


1. Introduction 

1.1. A vertex operator algebra is an algebraic structure that plays an important role 
in conformal field theory and string theory. In addition to physical applications, vertex 
operator algebras have been proven useful in purely mathematical contexts such as in 
representation theory of affine Lie algebras and the geometric Langlands programs. This 
paper is intended to understand properties of vertex operator algebras in terms of a certain 
geometric objects attached to them. 

1.2. In IJL2], Jiang and the second author used a class of subalgebras for a vertex 
operator algebra V to study level-rank duality in vertex operator algebra theory. For a 
vertex operator algebra V with conformal vector u, a weight-two vector u' is said to be a 
semi-conformal vector if u' is the conformal vector of a vertex operator subalgebra U (with 
possibly different conformal vectors as in |LL1 Section 3.11.6]) such that ujn\u = ^h\u for 
all n > 0 and such a vertex operator subalgebra U is called a semi-conformal subalgebra 
of V. Let Sc(L, cu) be the set of semi-conformal vectors of V. 

Theorem 1.1. For a vertex operator algebra (y,u)), the set Sc(l/,a;) is an affine algebraic 
variety over C. 
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The purpose of this paper is to understand vertex operator algebras using the properties 
of the algebraic variety Sc(l/,a;). 

Denote the set of semi-conformal subalgebras of iV^oj) by ScAlg(l/,a;). Obviously, we 
have a surjective map 

TT : ScAlg(l/, cj) —)■ Sc(l/, cj) 

(f/, oj') I— > oj'. 

Since different semi-conformal subalgebras of (V, u) can share the same conformal vector 
a;', then the hber for each u' G Sc(l/,ci;) is the set of semi-conformal subalgebras 

with the same conformal vector uj' in V. In the hber 7r“^(a;'), there exists a unique 
maximal one U{u'), which is the maximal conformal extension in V of semi-conformal 
subalgebras with the conformal vector u' and can be realized as the double commutant 
Cv{Cv{< oo' >)) of < cj' > in V, where < cj' > is a Virasoro vertex operator algebra 
generated by u'. In fact, semi-conformal vectors classify semi-conformal subalgebras of V 
up to conformal extensions. Thus, by studying the hber for each u' G Sc(l/, cu), 

we can classify the set ScAlg(l/, w). 

1.3. For any two semi-conformal vectors oj', oj" of (V, oj), we can dehne a partial ordering 
oj' ^ oj" if U{oj') C U{oj"). On the other hand, according to the commutant properties of 
a vertex operator algebra, we have an operator Cy on ScAlg(l/, u) as follows 

Cv : ScAlg(l/,a;) ^ ScAlg(l/,u;) 

{U,u')^Cv{U). 

Then Cy induces an involution operator oj— on Sc(l/,a;) as follows 

u— : Sc(l/, cu) —;■ Sc(l/,a;) 

u' I —> OJ — oj' . 


In fact, the following diagram commutes 

ScAlg(l/,a;) ScAlg(l/,a;) 



Sc(l/,a;) Sc(l/,a;). 

These operators depend on coset constructions of a vertex operator algebra and rehect 
certain duality constructions in representations of a vertex operator algebra similar to 
duality pairs of Lie groups f |JL2i Section 5]). 

We also note that the group G = Aut(l/, ca) (the automorphism group of conformal 
vector being preserved) acts on both ScAlg(l/, ca) and Sc(l/, ca) and the map tt is G- 
equivariant. 
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1.4. Based on above approaches of studying vertex operator algebras, we take Heisenberg 
vertex operator algebras as examples. Let f) be a d-dimensional orthogonal space, i.e, f) 
is a vector space equipped with a nondegenerate symmetric bilinear form (•, •). Then t) 
generates a Heisenberg vertex operator algebra V^{1, 0) of level 1 with a hxed conformal 
vector cj = u)\ with A = 0 (see Section lTT|) . Let ()' C 1) be a subspace of 1). If the bilinear 
form (•, •)|[,/ on 1) is still nondegenerate, we say tj' is a regular subspace of 1). Set 

Reg(l)) = {!)' I f)' is a regular subspace of 1)}. 

For each oo' G Sc(l^(l, 0), ca), we will construct a unique symmetric idempotent matrix 
which dehnes a linear transformation A^j' : f) —> 1) with respect to the hxed orthonormal 
basis of 1) and thus corresponds to two regular subspaces Im A^i' and Ker A^' of 1) giving 
an orthogonal decomposition ImA^i © Ker Aui' = f). 

We note that that group Aut(V^(l,0)) = 0(1)) acts on Reg(l)) naturally. We have the 
following description of the variety Sc(l^(l, 0), ca). Also Reg(l)) is a partially ordered set 
under the subspace inclusion relation. 

Theorem 1.2. 1) The map p : ca' i-A Im(.4,^/) is an ordering preserving 0),a;)- 

eguivariant bijection form Sc(Vf;'(l, 0), ca) to Reg(l)); 

2) Sc(l^(l, 0),cj) has exactly d+1 orbits under the group Aut{V^{l,0),u))-action and 
each 0 < i < d corresponds to the orbit 

Sc(l^(l, 0), a;)i = {!)' C 1)|1)' is a regular subspace of 1) with dim f)' = i}] 

3) There exists a longest chain in Sc(V^(l, 0), ca) such that the length of this chain 

eguals to d: there exist G Sc(l^(l, 0), a;) such that 

Q = oj^ -< oj^ -< ■ ■ ■ -< -< = u. 


For each u' G Sc(l^(l, 0), cn), each of the abelian Lie algebras IvaAui' and KerAl^j' 
generates a Heisenberg vertex operator subalgebra in 1^(1, 0). In fact, they are both semi- 
conformal subalgebras of (4^(1, 0), cn) and can be both realized as commutant subalgebras 
of(y(i,o),i.,). 

Theorem 1.3. For each u' G Sc(l^(l, 0), w), the following assertions hold. 

1) ImA^i generates a Heisenberg vertex operator algebra 

^ C'v^(i,o)(< u;-uj' >) 

and Ker A^' generates a Heisenberg vertex operator algebra 


- C'r(i,o)(< >); 

2) %L0)(^KAk4:^(l,0)) = Ri^,(l,0); O^,(i,o)(^i^,(l,0))) = Rk1^X,(1,0); 

3) ^^(liO) = Oy (1_0)(< >) <H) Oy (i,o)(C'y^(l,0)(< >))• 
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1.5. Based on above results (See Theoren il.2l and Theorem II.3p . we can give two char¬ 
acterizations of the Heisenberg vertex operator algebra 0), cn). 

In this paper, a vertex operator algebra {V,u}) will satisfy the following conditions: 

(1) H is a simple CFT type vertex operator algebra (i.e., V is N-graded and Vq = Cl); 

(2) The symmetric bilinear form < u,v >= uiv for u,v G Vi is nondegenerate. For 
convenience, we call such a vertex operator algebra {V,u) nondegenerate simple CFT 
type. We note that for any vertex operator algebra iV^uj) and any oj' G Sc(I/,a;), one 
has Cv{Cv{< oj' >)) ® Cy(< ca' >) C 1/ as a conformal vertex operator subalgebra. 

Theorem 1.4. Let {V,u}) be a nondegenerate simple CFT type vertex operator algebra 
generated by Vi. Assume that L(l)Vi = 0. If for each oj' G Sc(I/,a;), there are 

V ^ Cv{Cv{< oj’>)) ® Cv{< oj’>) (1.1) 

then iy^oj) is isomorphic to the Heisenberg vertex operator algebra (^(^(l, 0), cja) with 
i) = Vi and A = 0. 

For a semi-conformal vector u' of a vertex operator algebra (H, ca), we can dehne the 
height and depth of u' in Sc(I/, cn) analogous to those concepts of prime ideals in a com¬ 
mutative ring. This is also one of the motivations of studying the set of all semi-conformal 
vectors. Considering the maximal length of chains of semi-conformal vectors in H, we can 
give another characterization of Heisenberg vertex operator algebras. 

Theorem 1.5. Let iV^oj) be a nondegenerate simple CFT type vertex operator algebra 
generated by Vi. Assume dimHi = d and L{l)Vi = 0. If there exists a chain 0 = y -< 
y -< ■ ■ ■ -< -< y = u in Sc(I/, u) such that dim.Cv{Cv{< oj'‘—oj'‘~^ >))i ^ 0, for i = 

1, • • • ,d, then V is isomorphic to the Heisenberg vertex operator algebra (1^(1, 0),a;A) with 
i) = Vi and A = 0. 

Characterizing the Monster Moonshine module by its properties is one of the focuses 
in conformal held theory. The FLM conjecture in |FLM] is one of the conjectural charac¬ 
terizations of the Monster Moonshine module. 

1.6. By |JL21 Lemma 5.1], a vertex subalgebra U oi V cannot contain two different 
conformal vectors oj' and u" such that both {U,o}') and {U,oj") are semi-conformal vertex 
operator subalgebras of {V,u}). We remark that on a vertex algebra, there can be many 
different conformal vectors to make it become non-isomorphic vertex operator algebras, 
even thought they have the same conformal gradations. The result of |,TL21 Lemma 5.1] 
says that no one is a semi-conformal with respect to another. |BF1 Example 2.5.9] provides 
a large number of such examples on the Heisenberg vertex operator algebras. Thus the 
map from ScAlg(I/, ca) to the set of all vertex subalgebras of V, forgetting the conformal 
structure, is injective. The conformal vector in V uniquely determines the semi-conformal 
structure on a vertex subalgebra of V if there is any. 
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One of the main motivations of this work is to investigate the conformal structure on 
a vertex subalgebra of a vertex operator algebra. In conformal held theory, the confor¬ 
mal vector completely determines the conformal structure (the module structure for the 
Virasoro Lie algebra). In mathematical physics, a vertex operator algebra has been inves¬ 
tigated extensively as a Virasoro module (see [DMZ( [Dj IKH IDLM( ILY( [Ml ILSl El [Q jShj) 
by virtue of conformal vector. 


1.7. This is the hrst paper of a series of papers investigating the geometric properties 
of Sc(V, cj) and structures of {V,u)). In an upcoming paper we will consider the cases 
when iy^uj) is of affine types and lattice types. As the Heisenberg case indicated here, 
the variety Sc(l/,ci;) is closely related to the affine Lie algebra with a hxed level as well as 
to the lattice structure. 

This paper is organized as follow: In Section 2, we review semi-conformal vectors 
(subalgebras) of a vertex operator algebra according to |,TL2] . Then we study properties 
of the variety of semi-conformal vectors of a vertex operator algebra. In Section 3, we shall 
describe the variety of semi-conformal vectors of the Heisenberg vertex operator algebra 
(1^(1, 0), cua) with A = 0. In Section 4, we study maximal semi-conformal subalgebras 
determined by semi-conformal vectors of (1^(1, 0), cja) with A = 0. In Section 5, we 
shall give two characterizations of Heisenberg vertex operator algebras in terms of semi- 
conformal vectors and the corresponding subalgebras. In Section 6, we summarize the 
conclusion and give further discussion. 

Acknowledgement: This work started when the hrst author was visiting Kansas State 
University from September 2013 to September 2014. He thanks the support by Kansas 
State University and its hospitality. The hrst author also thanks China Scholarship Coun¬ 
cil for their hnancial supports. The second author thanks C. Jiang for many insightful 
discussions. This work was motivated from the joint work with her. The second author 
also thanks Henan University for the hospitality during his visit in the summer of 2015, 
during which this work was carried out. The authors want to thank the referees for 
carefully reading the paper and for providing constructive comments. 


2. Semi-conformal vectors and semi-conformal subalgebras of a vertex 

OPERATOR ALGEBRA 

For basic notions and results associated with vertex operator algebras, one is referred 
to the books [FLMlimiFHLirRF] . We will use (U, K, 1) to denote a vertex algebra and 
(U, K, 1,0;) for a vertex operator algebra. When we deal with several different vertex 
algebras, we will use Y'^, l'^, and o;^ to indicate the dependence of the vertex algebra or 
vertex operator algebra V. For example Y^{y,z) = Xlnezemphasize 
the presence of the conformal vector o;^, we will simply write (U, for a vertex operator 
algebra and V simply for a vertex algebra (with Y^ and 1^ understood). We refer |BF] for 
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the concept of vertex algebras. Vertex algebras need not be graded, while a vertex operator 
algebra (V, cn) is always Z-graded by the L^(0)-eigenspaces Vn with integer eigenvalnes 
n G Z. We assnme that each Vn is hnite dimensional over C and W = 0 if n << 0. 

In this section, we shall hrst review semi-conformal vectors (snbalgebras) of a vertex 
operator algebra ( |,TL2] ). 

For two given vertex algebras (V, V^, l'^) and (IF, l'^), we recall from im Section 
3.9] that a homomorphism f : V ^ W oi vertex algebras satishes 

Z)v) = y"'(/(t.), z)!(v), V«, K e V /(A) = l"'. 

Let V and W be two vertex operator algebras with conformal vectors and , re¬ 
spectively. Then / is called conformal if f{uj^) = , which is eqnivalent to / o L^[n) = 

L^{n) o /, for all n G Z. We say / is semi-conformal if / o L^(n) = (n) o /, for all 

n > 0. 

We remark that, for any vertex algebra homomorphism / between two vertex operator 
algebras (V, V^, and (IF, one always has f o (—1) = L'^(—1) of. 

Also / is conformal if and only if / o L^(n) = (n) o /, for all n > —2. Tims a 

semi-conformal homomorphism / is conformal if and only if / o L^(—2) = 2) o /. 

Let (F, o;^) be a vertex snbalgebra of (IF, and the map / : F ^ IF is the inclusion, 
we say F is a conformal subalgebra of IF if / is conformal (F has the same conformal 
vector with IF). If / is semi-conformal, then F is called a semi-conformal subalgebra of 
IF and of F is called a semi-conformal vector of IF. 

For a vertex operator algebra (IF, ca^), we dehne 

ScAlg(lF,= {(F,I (F,cu^) is a semi-conformal subalgebra of (IF,ca^)}; 
Sc(lF,cu^) = {oj' G IF I cj' is a semi-conformal vector of (IF, 

S{W,uj'^) = {(F,a;') G ScAlg(lF, u;^)|C'vk(C'vk(F)) = F}. 

Here CwiV) is the centralizer of the vertex subalgebra F in IF dehned in [LLl Section 
3.11]. It is also called commutant by others. 

It follows from the dehnition that there is a surjective map ScAlg(lF, —)■ Sc(lF, oj^) 

by (F, i-A since the vertex subalgebra < u' > generated by u' and is auto¬ 
matically a semi-conformal subalgebra. There is also a surjective map ScAlg(lF, uj^) 
S(lF,u;^) dehned by (F,a;^) ^ {Cw{Cw{V),uj^). 

Proposition 2.1. The restriction of the map ScAlg(lF, cu'^) —)■ Sc(lF, to the set 
S(1F, o;'^) is a bijection. 

Proof The map u' i-A Cw{Cw{< oj' >)) is the inverse map Sc(lF, —)■ S(1F,□ 

In a special case that (IF, is a N-graded vertex operator algebra with IF = JJ 1F„ 

nGN 

and IFo = Cl, the condition for a vertex operator subalgebra to be semi-conformal is much 
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simpler. In this case, for any vertex subalgebra V of W, if (V,u^) is a vertex operator 
algebra for some E V, then (V, uj^) is a semi-conformal subalgebra of W if and only 
if u)'^ G hF2 n |LL1 Theorem 3.11.12]). Moreover, if (V, is a semi- 

conformal subalgebra of (lT,a;^), then {Cwiy),uj'^ = — u^) is also a semi-conformal 

subalgebra of {W,uj^), that is, if G Sc(lT,a;^), then —oo^ G Sc(lT,a;^). Let 

(V, cj^), {U,u!^) be two semi-conformal subalgebras of (IT, ca'^). If and V <Z U, 

then we say {U,u^) is a conformal extension of {V,uj^) in (lT,a;'^). Moreover, {V,u^) 
has a unique maximal conformal extension {Cw{Cwiy)),uj^) in {W,u^) in the sense 
that if (T,C then {U,uj^) C {Cw{CwiV)),uj^){ see |LL1 Corollary 3.11.14]). 

A semi-conformal subalgebra of IT is called conformally closed if CyiCviU)) = 

U (see 1121 ). So the set S(1T, o;'^) consists of all conformally closed semi-conformal 
subalgebras of (IT, o;'^). 

Let (IT, u^) be a general Z-graded vertex operator algebra. For a vector uj' G IT, we 
write Y{u',z) = L\z) = L'(n) 2 ;“”“^. Then we can use the following equations to 

characterize the set of semi-conformal vectors of (IT, o;'^). 

Proposition 2.2. A vector oj' G IT 2 is a semi-conformal vector of {W,u^) if and only if 
it satisfies 


' L'{0)u' = L^{0)uj' = 2u'; 

L'jlV = = 0; 

< L'(2)a;' = L'^(2)a;' = ^1, for some c' G C; (2.1) 

L'(-l)a;' = L^(-l)a;'; 

L'{n)uj' = {n)uj' = 0,?t. > 3. 


Proof. If uj' is a semi-conformal vector, then uj' generates a Virasoro vertex operator 
algbera < cu' > in IT in sense of |LLi Proposition 3.9.3], which is also a semi-conformal 
subalgebra of IT. Note that u' is the conformal vector of < cn' >. By [LL( Corollary 
3.11.9 and Corollary 3.11.10 ], we have 

Q 

rri’^ — rn 

[L'(m), L'(n)] = (m - n)L'{m + n) H- — — dm+nfid 

acting on IT for some complex number c', that is, there are 

' L'(0)a;'= 2a;'; 

L'(l)a;' = 0; 

< L'{2)u' = dl- 

L\-l)uj' = L{-l)uj'] 

L'{n)bj' = 0, n > 3. 


( 2 . 2 ) 
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Since cu' is a semi-conformal vector of W, we have 

' L'(0)u' = L^(0)uj' = 2uj'; 

L'llju' = L^(l)tj' = 0; 

< L'(2)u;' = L^(2)cj' = f 1; 

L'{n)uj' = L}^{n)uj' = 0,n > 3. 


Conversely, if the conditions fl2.ip hold, then there are L'{n) = (n) on Virasoro 

vertex operator algebra < u' > for all n > —1. Hence uj' is a semi-conformal vector of 

□ 

Remark 2.3. Let be a N-graded vertex operator algebra with Wq = Cl. Ac¬ 
cording to the results in [M], the condition L'{—l)u:' = can be removed from 

fl2.ip when we check whether a vector uj' is a semi-conformal vector of 


Remark 2.4. We can express the conditions fl2.ip by operator product expansion(OPE) 
of vertex operators (see mm) as follows 


, , 2L'{w) dL'{w) 

L'{z)L'{w) ~ ^^ ^ + 


C_ 

2 


[z — wY {z — w) {z — wY^ 


L^{z)L'{w) 


2L'{w) ^ OL'iw) ^ 


(2,3) 


(2.4) 


{z — wY {z — w) {z — wY 
Sometimes, it is more convenient to use the operator product expansion (OPE) of vertex 
operators for verifying the conditions (I2.ip . 


2.5. Proof of Theorem 1.1. We will use Proposition 12.21 Each of the set of equations 
in fl2.ip has two equalities (except the third one), the hrst and the second equalities. We 
will call them the hrst set and the second set of equations. We will show that each of the 
two sets of equalities dehnes a Zariski closed subset of V 2 . 

For each n & Z, Vn is hnite dimensional. Hence Homc(Hn, 14n) is a hnite dimensional 
as well. Thus for each I G N and each n G Z, the map pn,i ■ 14 —^ Homc(14i, En+i-i), 
dehned by n i-A Pn.iiv) = vi ■ Vn ^ 14+i-l is a linear map and thus an algebraic map. 
Also LY {n) = : 14 14-n is linear. Thus the kernel ker(L^(n) : I 4 — t 14-n) is a 

Zariski closed subset of I 4 for each n. This shows that the set of vectors 00 ' G I 4 satisfying 
the second set of equalities in fl2.ip is a Zariski closed subset of 14- In fact it is an affine 
subspace of 14- Here we have used the fact that the intersection of possibly inhnitely 
many closed subsets is still closed. 

If dim 14 = d, we take a basis {ci, • • • , e^} of 14- Now for each uj' = Yl'i=i ^ 14, 
oj'iiuj') G 14-) can be expressed as a linear combination of a hxed basis of 14-) with 
coefficients being quadratic polynomials of {xi, • • • ,Xd}- Similarly, ouj (ca) G 14_z can be 
expressed as a linear combination of the same hxed basis of 14 _) with coefficients being 
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linear polynomials of {xi, • • • ,Xrf}. Thus the hrst set of equalities in fl2.ip gives a set of 
equations for a Zariski closed subset in V 2 . 

Thus the intersection of the closed subsets of V2 dehned by the two sets of equations in 
fl2.ip is a Zariski closed subset of V 2 which is exactly the set of all semi-conformal vectors 
in V 2 by Proposition 12.21 □ 

Next, we dehne a partial ordering on Sc(y,a;^). 

Lemma 2.6. Let be two semi-conformal vectors of If there exists a 

semi-conformal subalgebra {U,uj^) such that G then 

Cw{Cw{^ >)) C C*vv(C*iy(< ^))- (2-5) 

Proof. Since (< uj^ C then we have Cw{,< >) D CwiJJ) and Cw{Cw{< 

>)) C Cw{Cw{< >)). □ 

Proposition 2.7. Let be a vertex operator algebra. If u' G Sc(lT,a;'^), then we 

have L^ (n) = L'{n) on Cw{Cw{,< >)) for n> —1. 

Proof. By using the proof of im Theorem 3.11.12 ], we know — uj' is the conformal 
vector of the commutant Cw{< (w' >). Since there is 

Cy^{Cy^(y<i U)' >)) = {m G W I VyiU = OjVu G Cy^(y<i Oj' >),?7. > 0} 

= n n Ker^/K), 

n>0v&Cw(<‘^'>) 

we have 

Cw{Cw{< oo' >)) C Pi Kerw(L’^(n) - L'{n)) 

n >—1 

by taking v = — u' and using L^(n) — L'{n) = Vn+i- Thus, L^(n) = L'{n) on 

Cw{Cw{,< oj' >)) for n > —1. □ 

Definition 2.8. For G Sc(hF,if Cw{Cw{< >)) C Cw{Cw{< >)), we 

dehne ^ in Sc(lF, Then ^ gives a partial ordering on Sc(hF, 

Proposition 2.9. Foruj^,uj‘^ G Sc(hF, ca^), ^ if and only if the following conditions 

hold 

' L\0)u^ = 2u^-, 

L\l)u^ = 0; 

< L\2)u^ = L\2)uj^-, 

L2(-l)a;i = L\-l)uj^; 

, L‘^{n)u}^ = 0, for n >3. 


( 2 . 6 ) 
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Proof. Since = 0, we have 

Cw{Cw{< a;' >)) = Keiw{L^{-1) - L\-l)). 

If the conditions fl2.6p are satished, then there is 

So 00 ^ G KervK(-h'^(—1) — L^(—1)) = Cw{Cw{< >))• By Proposition I2.2[ oo^ is a 
semi-conformal vector of Cw{Cw{,< >)), that is, ^ 

Conversely, for 01 ^, 0 ;^ G Sc(lP,if ^ then we can verify the relations fl2.6p 
by the proof of Proposition 12.21 □ 

Next, we consider the commntant of a vertex operator algebra as an operator on 
ScAlg(hP, as follows 

Cw : ScAlg(hP,a;^) ScAlg(lP, o;^) 

(P,cj')^Cw(l/). 

Then the operator Cw induces an involution uj^ of Sc(lT,a;^) as follows 

a;5 : Sc(lT,a;'^) ^ Sc(lP,a;^) 

^ 

In fact, associated with the surjection vr 

TT : ScAlg(iy, u^) 

([/, CJ') 

we have the following commutative diagram 

ScAlg(lT,a;^) ^ 


A Sc(iy,a;^) 

A CJ', 

ScAlg(lT,a;'^) 


W 

Sc(lT,a;^) Sc(lT,a;^). 

Remark 2.10. For the surjection vr : ScAlg(lF, —)■ Sc(hF, the hber 7r“^(a;') for 

each u' G Sc(lF,a;'^) is the set of semi-conformal subalgebras with the conformal vector 
uj' in W. In the fiber 7r“^(a;'), there exists a unique maximal one Cw(Cw(< >))( see 
m Corollary 3.11.14]). We can regard vr ^(cu') as the set of conformal subalgebras of 
Cw{Cw{< oj' >)). 

Let Min Sc(lF, be the subset of Sc(lF,a;'^) which consists of all non-zero minimal 
semi-conformal vectors of {W,bJ^) under the partial order P. For G Sc(hF, 

we know that uj^ — and — uP' are conformal vectors of commutants Cw{< >) 
and Cw{< >), respectively. If ^ cu^, then ^ — cu^. Hence we have the 

maximal subset of Sc(lF, which consists of all non-trivial maximal semi-conformal 
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vectors of under the partial order Let Max Sc(hL, be the maximal subset 

of Sc(iy, Then there are 

MaxSc(iy,u;^) = {u^ - e Min Sc(iy, w^)}; (2.7) 

and 

MinSc(fT,a;^) = e Max Sc(iy, (2.8) 


3. Semi-conformal vectors of the Heisenberg vertex operator algebra 

(^^( 1 , 0 ),a;) 

3.1. In the following, we recall some results of Heisenberg vertex operator algebras and 
refer to [BFllLL] for more details. 

Let 1) be a d-dimensional vector space with a nondegenerate symmetric bilinear form 
(•, ■).!) = C[t, t~^] <8 1) © CC is the affiniziation of the abelian Lie algebra f) dehned by 

[/Si © t”", /S 2 © t"-] = m{l3i,l32)6m-nC and [C, ^] = 0 

for any /9j G l)(i = 1, 2), m, n G Z. Then = C[t] © f) © CC is an Abelian subalgebra. 
For VA G t), we can dehne an one-dimensional f)-*’-module Ce^ by the actions (/i©T")-e^ = 
(A, h)6m,oe^ and C • e'^ = for h G 1) and m > 0. Set 

H^(l, A) = U{[)) ©^(^>0) Ce" - ^(r'C[r'] © 1)), 

which is an f)-module induced from f)-°-module Ce^. When A = 0, let 1 = 1 © e° G 
V{^(1,0). By the strong reconstruction theorem |BF1 Thm. 4.4.1], there is a unique 
vertex algebra structure Y : V~(1,0) —)■ (End(V^(l, 0)))[[z, on V~(1,0). For each 
choice of an orthonormal basis {hi,-- - ,hd} of f) and A = (Ai, • • • ,Ad) G dehne 
= lEtihii-l? ■ 1 + Eti A*h,(-2) • 1 G H^f(l,0). Then (H^(1,0), H, 1, cua) has 
a vertex operator algebra structure and (1^(1, A), F) becomes an irreducible module of 
(1^(1, 0), cja) with A = 0 for any A G 1) (see |FLM1 ILL] ). 

For different choices of A G C*^, the resulted vertex operator algebras are not isomorphic 
in general since the central charges can be different (see |BF1 Examples 2.5.9]) although 
the underlying vertex algebra (1^(1, 0), Y, 1) is unique. When A = 0, the vertex operator 
algebra(F^(l, 0), Y, 1, u) is said to be the standard Heisenberg operator algebra. It is 
easy to compute the automorphism group Aut(l^(l, 0), Y, 1, u) = 0(f)). This is not true 
when A 7 ^ 0. Note that the computations in |BF1 Section 2.5.9] shows that L^^(O) = (cja)! 
is always the degree operator. Hence the gradation on V^(l, 0) are all the same for all 
different A and F^(l, 0)„ is independent of the choice of A. 
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3.2. For the Heisenberg vertex operator algebra (Vr(l, 0), cja), ^( 1 , 0)2 has a basis 


{hi{-l)hj{-l) ■ 1; hk{-2) ■ 1\1 < i < j < d,k = 1, - ■ ■ ,d}. 


Let 


d 


oj' — aijhi{—l)hj{—l) ■ 1 + bihi{—2) ■ 1 € 1^(1, 0 ) 2 - 

^<i<j<d. *=1 

Then there exists a unique symmetric matrix 



/ 

2aii 

^12 

Old 

\ 

Auj' — 


fll2 

2(122 

<^2d 



V 

Old 


o^d-id 2add 

/ 


and a vector = ( 61 , • • ■ , bdY^ with entries in C such that 




/ \ 

V hd{-l) ) 


(3.1) 


(3.2) 


(3.3) 


l + (hi(-2),--- ,hrf(-2))H^,-1, (3.4) 


where the symbol is the transpose of the matrix C. 

Proposition 3.1. ca' G Sc(l^(l, 0), cja) if and only if satisfy 

Air — A , a2 _ A , A \tr _ ntr 


Proof. By Proposition 12.21 and Remark [2.41 we can compute that u' G Sc(l^(l, 0), oia) if 
and only if B^/ satisfy 

4a^i + 0^2 + ■ • ■ + af^ = 2aii; 

ald + ■ ■■ + ofd-id + = 2.add] 

2aiihi + 012^2 + • • • + ttidbd = bi; 

012^1 + 022^2 + • • • + a-2dbd = ^2! 


(^idfi + ■ ■ ■ + ad-idfr-i + 2addbd = bd] 

< 2Aiaii + A20-12 + ■ • • + Adttid = bi, (3-5) 

^lOl2 + 2^2022 + • • • + Ada2d = b2] 


AiOirf + • • • + Ad-iOd-id + 2Adadd — bd] 

Ean-6^AA= E ap + 2E4-6E^?; 

2=1 2=1 2=1 2=1 

diiciij + * * * + aa-iai-ij + 2aiiaij + + • • • + 

^ -|- 2(Xij(Xjj -\- “1“ * * * “1“ Ojid^dj ^iji 1 ^ ^ J ^ (i. 
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In fact, the relations fl3.5p can be rewritten as follows: 

= B^r, = B^i, = B^J^iB^i. (3.6) 

Assuming A^i = A^^,, = A^/, A^/A^’’ = B^^i, then there are 

A^,B^, = A^,(A^,A*0 = = A^.A*’' = B^,- 

AB^> = AA^,A^^ = AAl,A^^ = {A^, A^^f^ A^, A^^ = Bl^,B^>. 

Therefore, conditions in fl3.6p under the assumption that A is symmetric is equivalent to 
the following three relations: 

At, = A^,, A^, = A^,, A^,A*^ = B^,. 

□ 

Let Ga = Aut(I^(l, 0), cua) be the automorphism group of the vertex operator algebra 
(1^(1, 0), cua). Then Ga is a subgroup of 0(f)). Ga acts on 1^(1, 0)„ for all n. In particular, 
Ga acts on the algebraic variety Sc(V{j(l, 0), cua). One of the questions is to determine the 
GA-orbits in Sc(l^(l, 0), cua). In this paper, we will concentrate on the case A = 0 and 
the general cases will be pursued in a later work. 

When A = 0, we denote ua by u. Thus the conformal automorphism group G = 
Aut(V)f(l, 0), cu) = 0(t)), which is the orthogonal group with respect to the hxed non¬ 
degenerate symmetric bilinear form on [). With respect to a hxed orthonormal basis 
{hi, • • • , hd} of [), the symmetric matrix A^/ dehnes a self adjoint (with respect to the 
symmetric bilinear form on [)) linear transformation Au)' of t). By Proposition 3.1, we get 
that oj' G Sc(I^(l, 0), cj) is one to one correspondence to a self adjoint idempotent linear 
transformation A^i' of f). Thus, the set Sc(l^(l, 0), ca) can be described as the set of self 
adjoint idempotent linear transformations of f). Let 

Symld(f)) = (A G End(t)) I = A and (A('u), n) = (m, A(n)), Vu, n G f)}. 

Then we have 

Proposition 3.2. The map oj' i—)■ A^' is a bijection from Sc(V^(l, 0),ca) to Symld([)). 

If the restriction (•, •)!(,/ on f) to t)' is still nondegenerate, we say f)' is a regular subspace 
of f). Let Reg(f)) = {t)' C f) | t)' is a regular subspace of t)}. Then we have 

Corollary 3.3. The map oj' i-A ImAo;' is a bijection from Sc(I^(l, 0),ca) to Reg([)). 

Proof. For u' G Sc(I^(l, 0), w), there is a unique Auj' G Symld(t)). Hence we have t) = 
IroAui' © Ker Ao;', where Ker A,^' = Im A^,. Since the restriction (•, •) on f) to Im A,^' is 
still nondegenerate, then by Proposition 3.2, we know that oj' i—)■ Aui' gives a subspace 
ImAui' G Reg(f)). Conversely, let [)' be a regular subspace of f). There exists a projection 
A G End(f)) such that Im(A) = f)' and (A('u), n) = (m, A(n)) for u, n G f). Thus, Reg([)) C 
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Sc(l^(l, 0),a;). By Proposition 3.2, we know that there exists a unique oo' G Sc(i^(l, 0),a;) 
such that Auj' = A. Thus, t)' i-A u' gives the inverse of the map u' e-)■ □ 

Next, we shall hud a partial ordering on Symld(f)). 

Definition 3.4. Let Ai,A 2 G Symld(f)). If they satisfy .4,2.4,i = .4.1.4.2 = .4.2, we dehne 
.42 < 4,1. Then < is a partial ordering on Symld(f)). 

Lemma 3.5. For 4i, 4,2 G Symld(l)), 4i < 42 if and only iflmAi C Im42. 

Proof For 4i,42 G Symld(f)), 4i ^ 4.2, i.e, 4 .i 4.2 — 4.24.1 — 4.i. Then we have 
Im4i = Im424i. And since Im424i C Im42, then Im4i C Im42. 

Conversely, for 4i,42 G Symld([)), we have 1) = Ker4i © Im4i = Ker42 © Im42. 
For Vo G I), there is 

a = ai a2 = (3i (32 i 

where Oi G Ker4i,a2 £ Im4i;/9i G Ker42,/92 G Im42. Since 42(/52) = (^ 2 , we have 

4i42(o) = 4i(42(/3i + ( 32 )) = 4i(42(/32)) = 4i(/32). 

If Im4i C Im42, then Ker42 C Ker4i. So we have 4i(a) = 4i(/3i + (32) = 4i(/32)- 
Thus, we get 4i42 = 4i. 

Similarly, if Im4i C Im42, we have 

424i(a) = 42(4 i(q;i + 02 )) = 42(4i(ci2)) = 4i(a2) = 4 i(q!). 

And then 424i = 4i. Thus, we get 4i < 42. □ 

Proposition 3.6. Under the bijection in Proposition \3.33\. F in Sc(Vj^(l, 0), co) if 
and only if Im 4^i C Im 4^2. 

Proof. Let 4a;i,4^2 G Symld([)) be the linear transformations of i) corresponding to 
respectively. For convenience, we write 4aji,4^2 as 4i,42, respectively. If uA © 
60 ^, that is, is a semi-conformal vector of the subalgebra Cv~{i,o){Cv~(i,o){< oA >)), then 
by Proposition 2.8 and an argument similar to the proof of Proposition 3.1, we have the 
relation 4i42 + 424i = 24i. Hence we have 

(4i42 © 424i)4i = 4i424i + 424i4i = 4i424i + 424i = 24^ = 24i5 

4i(4i42 + 424i) = 4i4i 42 + 4i424i = 4i42 + 4i424i = 24i = 24i. 

Thus, 4 i42 = 424i. Then we have 4i42 = 424i = 4i, i.e, 4i <42. 

Conversely, if 4i, 42 G Symld(f)) and 4i <42, then we have 4i42 = 424i = 4i. Let 
uA G Sc(V^(l, 0), cj) be semi-conformal vectors corresponding to 4i,42, respectively. 
Again using an argument similar to the proof of Proposition 3.1, we can get the relations 
fl2.6p . i.e, < lA. □ 
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By above proposition, we know that the partial ordering C (the inclusion relation) of 
Reg(l)) coincides with the partial ordering ^ on Sc(V{j(l, 0), a;). 

3.7. Proof of Theorem 1.2. According to Corollary 3.3 and Proposition 3.6, we know 
the bijection p preserves orders between Sc(V^(l, 0), ca) and Reg(f)). 

As we know, Aut(V{j(l, 0), ca) = 0(1)), this group acts on Sc(l^(l, 0), ca) as follows: for 
a cjyi G Sc(Vf;'(l, 0), cu) and a G Aut(Vf;'(l, 0), cu), we have < 7 ( 1 / 2 ) = lA and <7 preserves 
the bilinear form on 1). Let o G Orf(C) be the matrix of <7 with respect to the fixed 
orthonormal basis, then by the dehnition, we have < 7 ( 0 ;^) = CiioAo*’’ ^ Sc(l/^(1, 0), a;). Thus 
Im(oAo*'') = (7(Im(A)). 

For a 1)' G Reg(t)) and <7 G Aut(l^(l, 0), cn), <7(t)') G Reg(f)). This gives an action of 
Aut(V~(l,0),a;) on Reg(t)). 

According to the actions of Aut(l/j^(l, 0), cu) on Sc(l/j^(l, 0), ca) and Reg([)), we know 
that the above bijection also preserves the actions of Aut(l/)f(l, 0), cn) on Sc(l/)f(l, 0), cn) 
and Reg([)). So the hrst assertion 1) holds. 

According to the hrst assertion 1), we can consider the action of Aut(l^(l, 0), ca) on 
Sc(l^(l, 0), cu) by the action of Aut(l/)j'(l, 0), ca) on Reg([)). Then we have the second 
assertion. 

The third assertion follows from the second assertion. □ 

4. Conformally closed semi-confromal subalgebras of the Heisenberg 

VERTEX OPERATOR ALGEBRA (1^(1, 0), Cj) . 

In this section, we shall describe the conformally closed semi-conformal subalgebras of 
the Heisenberg vertex operator algebra (1^(1, 0), cn = oia) with A = 0. 

Fora;' G Sc(l/)f(l, 0), a;) as dehned in (13. 2 p with the corresponding symmetric idempotent 
matrix given in (13.3p . In this case, = 0 in (I3.2p . By Theorem II.2[ we know that 
there is a regular subspace corresponding to a;'. 

Proposition 4.1. 

ImAu,’ = Kerv/^(i,o)(T(-l) - L'(-l)) nl/f^(l,0)i, Kei Au>’ = KervA(i,o) T'(-l) fl 1/^(1, 0)i. 

Proof. By Proposition 3.11.11 and Theorem 3.11.12 in ra. we have 

Kery_(i^o) -^^(—1) = >); 

Ker^A(i^o)(-^(-l) - -^^(-1)) = >))• 

Then Kery^(i,o) T'(-l)i n 1/^(1, 0)i C 0)i = f). 
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With oj' G Sc(Vr(l, 0),a;) written as in fl3.2p and B^i = 0, we have 


L'(-l) = ; hi(/c)hi(-l -/c) : + ^ Qp ^ hi{k)hj{-l - k) 

i=l fcES fcGZ 

where : • • • : is the normal order product. Hence 

d ^ 


2=1 


fcez 


l<2<j<(i /cEZ 


(4,1) 


For Vh G V{j(l,0)i, set h = ^ amhm(—1) • 1. Using the formula fl4.ip . we have that 

m=l 

h G Kerv^_(i o)(h(—1) — L'(—1)) Pi V^(l,0)i if and only if the vector ( 01 , 02 ,-'' ) is a 
solution of the linear equation system 


(1 - 2 oii)xi - 012X2 - 
-012X1 + (1 - 2022)2:2 


(^Id^d 0, 

— a-2dXd = 0, 


(4.2) 


-aidXi - a2dX2 -^ (1 - ‘^cbdd)xd = 0 . 


Let X = iXd)^''. Then the linear equation system (14. 2 h becomes the matrix 

equation (/ — A^i)X = 0, where I is the d x d identity matrix. So we have Im^Aoj' = 
Keri/_(i^o)(-h(—1) — L'(—1)) fl V^(l, 0)i. Note that the corresponding matrix for co — co' is 
Acj-uj' = I — A^i. Hence with uj' replaced by a; — a;', we have Ker = Kerv4_(i^o) L\—l) n 

y(i,o)i, ■ □ 

4.2. Proof of Theorem 1.3. By Proposition 4.1, we have 

Cv_(i,o)(Cv~(i,o)(< a;'>))i = Im.4,^/ and Uy_(i,o)(< a;'>)i = Ker.4,^/. 

Since ImAui' and Ker^.^;' are both regular subspaces of f). Then 

< Im.A^/ >= Uj^^(l, 0) and < Ker^A^;' >= Uj^^^,(l, 0) 
in V^(1,0). Since we have 

( ^i(-l) \ 

= |(hi(-l), • • • , hrf(-l))H^/ 


■ 1 


V hd{-l) / 



/ 

( hi{-l) \ 

V 

/ 

'!l(-l) \ 

\ 

1 

2 

Au]' 



Au)' 


■ 1 


V 

\ hd{-l) y 

/ 

V 

V N(-l) ) 

/ 


(4.3) 


Then uj' is the conformal vector of < ImA-oi' >. 
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Similarly, we have 


oj-oj' = i(hi(-l), • • • , hrf(-l))(J - A^>) 




/ hi{-l) \ 

\ hd{-l) j 

( hi-i) \ 

\ hdi-l) j 


■ 1 


■ 1 



/ 

( hi-1) \ 


( h{-i) \ 

\ 

1 

2 



(I - TO 


■ 1 


\ 

\ hd{-l) ) 

/ 1 

\ hd{-l) ) 

/ 


Hence ca — cu' is the conformal vector of < lAei A^)' >■ 

Since f) = Im^^/ © Kei A^j' and Ker^^/ = (Im^^/)-*-, then there is 

V{j(l,0) =< hnA^' > ® < KeiA^' > . 

Thus we have 

C'y^(i,0) (< >) = (1’ 0) 

Cvjj(i,o)(Cvi;(i,o)(< >)) = C'y|;(i,o)(< oj -oj' >) = 
Moreover, we have 

Finally, we can also get that 

V^{1, 0) = Cy^(yo)(< >) ® Cv-^(lfl){Cv~(lfl){< Uj' >))• 


(4.4) 

(4.5) 


□ 


Remark 4.3. From above results, we know that all of conformally closed semi-conformal 
subalgebras in 4^(1, 0) are Heisenberg vertex operator algebras generated by regular sub¬ 
spaces of the weight-one subspace 1^(1, 0)i. 


5. Characterizations of Heisenberg vertex operator algebras 

In this section, we will use the structures of Sc(I/,a;) and ScAlg(I/,a;) to give two 
characterizations of Heisenberg vertex operator algebras. Let us £x the notation Y[u, z) = 
for vertex operators. However, in case that the vertex operator algebra is 
dehned by a Lie algebra 1), we will use the notation h{n) = h © C in the algebra f)[t, 
with h G f). 

Let V he a. simple M-graded vertex operator algebra with Vq = Cl. Such V is also called 
a simple CFT type vertex operator algebra ( [DLMM1. IDMj ). If V satishes the further 
condition that L(l)Vi = 0, it is called strong CFT type. Li has shown ([Li]) that such a 
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vertex operator algebra V has a unique nondegenerate invariant bilinear form (•, •) up to 
a multiplication of a nonzero scalar. In particular, the restriction of (•, •) to Vi endows 
Vi with a nondegenerate symmetric invariant bilinear form dehned by ui{v) = {u,v)l 
for G Vi. For v G 14, the component operator Vn-i is called the zero mode of v. It 
is well-known that Vi forms a Lie algebra with the bracket operation [u,v\ = uo{v) for 
n, n G 14- 

In this paper, we will consider vertex operator algebras {V, u) that satisfy the following 
conditions: (1) 1/ is a simple CFT type vertex operator algebra; (2) The symmetric bilinear 
form (n, v) = Uiv for n, n G 14 is nondegenerate. For convenience, we call such a vertex 
operator algebra (Id, cu) nondegenerate simple CFT type. We note that for any vertex 
operator algebra (1^,0;), and any u' G Sc(14ci;), one has Cv{Cv{< oj' >)) <^Cv{< oj' >) C 
Id as a conformal vertex operator subalgebra. 

Lemma 5.1. Let (Id, ca) he a nondegenerate simple CFT type vertex operator algebra 
generated by Vi. Let {V',u') and (ld",a;") be two vertex operator subalgebras with possible 
different conformal vectors. Assume that (Id, ca) = (ld',a;') 0 (ld",a;") is a tensor product 
of vertex operator algebras (see (LD, Section 3.12]4 Then 

1) (Id', cj') and (Id", cj") are semi-conformal subalgebras and both are also non-degenerate 
simple CFT type; 

2) Vi = Idj' (g) 1" © 1' g) Idj", is an orthogonal decomposition with respect to the non¬ 
degenerate symmetric bilinear form (•, •) on Vi; 

3) [Id/ g 1", 1' g Id/'] = 0 with the Lie bracket [-, •] on 14; 

4) Sc(ld',ci;') g 1", 1' g Sc(ld",a;"), and Sc(ld',ci;') g 1" + 1' g Sc(ld",a;") are subsets 
ofSc{V,u); 

5) For each uj' G Sc(ld',a;'), we have 

Cv{< 4' > gl") = Cv'{< 4' >) g Id" 

and 

Cy{Cv{< > gl^O) ~ Cyi{Cyf< oj' >)) g l". 

Proof. The hrst assertion is straight forward to verify using properties of tensor product 
vertex operator algebras. 

For u' G Id/, v" G Id/', we have 

(4 g l")i(l' g v") = u\l' g v” = {u' g 1", 1' g v") = 0. 

So Id/ g 1 " is orthogonal to 1' g Id/' in 14 . Thus the second assertion holds. 

For -u' g 1" G Id/ g 1", 1' g n" G 1" g Id/', we have 

[u' g 1", 1' g v"] = {u' g l")o(l^ g v") = UqI' g v" = al' g v". 
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Here a G C. Similarly, [ 1 ' 0 t", u' 0 1 "] = bu' 0 1 " for some 6 G C. The skew symmetric 
property of the Lie bracket implies bu' 0 1 " = —a ■ 1 ' 0 v" . Thus a = b = 0 and 
[u' 0 1 ", 1 ' 0 v"] = 0. Hence [V( 0 1 ", 1 ' 0 V”] = 0. So the third assertion holds. 

According to the dehnition of semi-conformal vectors, obviously, we have the fourth 
assertion. 

For u' G Sc(l/', cn'), from |LLl Corollary 3.11.11], we have 

Cv{< u' > 01") = KeTv'^v"{L'{-l) 0 Id") = Kery, L'(-l) 0 V". 

Since Kery/L'(—1) = Cv'{< Sj' >), we get Cy(< u' > 01") = Cv'{< w' >) 0 V”. 

Since cu = ca' 0 1" -|- 1' 0 cu", we have < cu' > 01" =< cu' 0 1" >. By |LLl Corollary 
3.11.11], we have 

Cv{Cv{< > 01")) = Kery(L(-l) - Z'(-l) 0 Id") = Ker(Id' 0L"(-1)); 

Cv'{Cv'{< u’ >)) = Kery,(L'(-l) - Z'(-l)). 

Since L{—1) = T(—1)' 0 Id"-|-Id'0L"(—1), we have T(—1) = L(—1)' 0 Id" on V' 0 1" 
and 

Cy/(C*y'(< cu' >)) 0 l" C C'y(C'y(< Cu' 0 l" >)). 

Let rj = ® l^i & Kery(L(—1) — Z'(—1) 0 Id"). Here ai, • • • ,at are linearly 

independent homogeneous vectors in V and /Si, • • • , I3t are homogeneous non-zero vectors 
in V". We will use the fact that 14 = ©zeN^/ © H is a Z x Z-graded vector 

space and the operators L'(—1) 0 Id" and Id'0L"(—1) have bi-degrees (1,0) and (0,1) 
respectively. 

If (L(-l) - Z'(-l) 0 ld"){rj) = 0, i,e., L(-l)(Eli«z © A) = Eli(^'(-l)«i) © A, 

then 

t t t 

L'{—l)ai 0 A + (^i © A'(—1)A = L'{—l)ai 0 A or equivalently 

2 = 1 2=1 2=1 

t t 

5^(L'(-1) - Z'(-l))(ai) 0P, = -J2a,0 L"(-1)A. 

2=1 2=1 

We now claim that the only possible non-zero A are in Cl". Since V” is simple CFT type, 
L"(—1) is injective on all V" except n = 0 (see |DLM1] L Suppose that {Ai, • • • , Ar) is 
the subset {/Si, • • • , A} of the same highest weight n. Then comparing both sides of the 
(Z,n -|- 1) homogeneous components, we get = 0. Since a^s are 

linearly independent, we have L"(—l)Aj = 0. If n > 0, then Aj = 0. But we have 
assumed that A’s are non-zero. Hence A ^ and r; = a 0 1" G H' 0 1". Furthermore, 
(L'(—1) — Z'(—l))a = 0, i.e., a G Cy/(Cy'(< u' >). Therefore, we have Cy(Cy(< u' > 
) C C*y'(C*y/(< cu' >) 0 1". Thus, We get C*y(C*y(< cu' >) = C*y/(C*y'(< Cu' >). IH 
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Lemma 5.2. Let {V,u}) be a nondegenerate simple CFT type vertex operator algebra 
generated by Vi. IfV = V' ® V" and V satisfies 

Vo) e Sc(y, w), "K ~ Cv{Cv{< do >)) (8) Cv{< do >), (5.1) 

then V, V" also satisfy Conversely, ifV, V" satisfy H5.1\) and Sc(y,a;) = Sc(l/',a;') + 

Sc(18", w"), then V also satisfies (15.11) . 

Proof. Let be the conformal vectros of V and V", respectively. Since V = V ®V'', 
then w = w' (8) 1" + 1' (8) oo” and u', uo” E Sc(V, w). For more notational simplicity, we will 
omit the tensor factor (8)1'' or l'(8) in the following argument. For G Sc(l/', lu;'), using 
5) of Lemma 15.1[ we have 

V = Cv{Cv{<^ oo' >)) (8) C*y(< u' >) = C*v"'(C*y'(< oo' >) (8) C*v"'(< oo' >) (8) V”■ 

This implies V' = Cv'{Cyi{< oo' >)) (8) C'y/(< oo' >). The same argument shows that 
V = Cv'{Cv"{< u" >)) O Cvfi< u" >) for u" G Sc(l/",u;"). 

Conversely, assume V = V' ^ V”, Sc{V,uj) = Sc(l/',C(;') + Sc{V'',uj"), and for each 
do' G Sc{V', 00 '), do" G Sc(18",C(;"), there are 

C' = Cv'{Cv'{< 00 ' >)) <8) Cy/(< 00 ' >); (h.2) 

V" = CvfiCv'fi< dd" >)) 0 Cv"{< dd" >). (5.3) 

Then we shall show that 

V = C*y(C*\/(< 00 >)) ® C*y(< 00 >) (5-4) 

for any ddd = do' + do" E Sc(l/,(u;). Since (15.2p . (15.3p hold, then we have 

V = C*y'(C*y'(< oo' >) (8) C*\/'(< oo' >) ® CyfiCyfi^i Oo" >)) ® C*\/»(< Oo" >). 

We hrst claim that Cy/(< dd' >) ® Cv"{< ddo" >) = Cy(< ddo >). 

In fact, 'ia® fi E Cy/(< oo' >) 0 Cy//(< ddd" >) for a E Cy/(< ddd' >) and fi E Cy//(< 
dd" >), we have 

L(-l)(a 0 /3) = (Z'(-l) + L"{-l)){a 0 /3) = L'{-l)a 0 /3 + a 0 = 0. 

So Cy'(< oo' >) 0 C*\/"(< oo" >) C Cy(< 00 >). 

Similar to the proof of Lemma [5T] 5L we set rj = Yy=i^i <8 A G Cy(< do >), where 
cii, • • • ,at are homogeneous nonzero vectors in V' and fii, - ■ ■ , fit are homogeneous non¬ 
zero vectors in V". Then 

t t t 

(Z'(-l) + Z"(-l))(^ o A) = L'{-l)at 0 A + (8 Z"(-1)A = 0. (5.5) 

2=1 2=1 2=1 

Unlike the proof of Lemma 15.11 5). one cannot use the injectivity of L'(—1) on Vf with 
n > 0 (and similar property of L"(—1)). We still use the Z x Z-gradation on V 0 V". 
We hrst assume that there exists n,m >0 such that wt(Q!j) = m and wt(A) = n for all 















HEISENBERG VERTEX OPERATOR ALGEBRAS 


21 


i = 1, ■ ■ ■ ,t. Then the hrst summation in fl5.5l) has degree (m + l,n) while the second 
summation in (15.5p has degree {m,n + 1). Thus we have 

t t 

(g)= 0 and ^ g) L"(-l)/3j = 0 . 

By assuming that ads are linearly independent (without changing rj), we get that Z/"(—1)/?, 
0 and thus r] = ® ^ Ker(Z"(—1) : —)■ Similarly, we can take 

{/3i, • • • , /Si} to be linearly independent (still without changing 77 ), we can get L\—l)ai = 0 
for all i and thus 7] G Ker(L'(—1) : l/(i K^+i) ^n- 

Since ® V”) © {V^ © Kl+i) ^ {V © V”)m+n+i is a direct sum, and a standard 

linear algebra argument shows that 

(Ker(Z'(-l)))^ © (Ker(Z"(-l)))„ = (Ker(Z'(-l)))^ © K') n (K. <8 (Ker(Z"(-l)))„). 

Hence rj e (Ker(Z'(-l)))m © (Ker(Z"(-l)))„. 

For general 77 , let {m,n) be a maximal element of {(wt a,, wt/S,) | i = 1, • • • ,f} with 
respect to the partial order: {m,n) > {k,l) iS m > k and n> 1. Let r]m,n be the {m,n) 
homogeneous component of rj. Comparing the bi-degrees in fIS.Sp . we see that Z(— 1)77 = 0 
implies that Z(—l)(77m,n) = 0 . The special case we discussed above shows that 

77 ^,„ e (Ker(Z'(-l)))^ © (Ker(Z"(-l)))„ C Cv'{< u' >) © C'y»(< >)• 

Now one replaces 77 by 77 — rjm,n and recursively show that 77 G Cy/(< u' >) © Cv"{< 
u" >). Therefore, we have just proved Cy(< a) >) © Cv'{< oj' >) © Cv"{< oj” >)• 

Thus, we have just proved the claim Cy(< a) >) = Cyi{< u' >) © Cy»(< u” >). 

By considering uj — Cj and using the fact the Cy(Cy(< u' >)) = Cy(< u — u' >), we 
can get 

Cv'{Cyi{< Oj' >)) © Cy'i{Cy"{< Uj" >)) = C*y(C*y(< UJ >))• 

Now by substituting these in the formula fl5.4l) and using the assumptions fl5.2p and (15.31) . 
we can show that the formula (15.41) holds. □ 

Lemma 5.3. If {V,u) is a nondegenerate simple CFT type vertex operator algebra gen¬ 
erated by Vi satisfying H5.1\) and uj G Sc(l/,a;) is neither 0 nor uj, then 

dimCy(Cy(< UJ >))i > 0 and dimCy(< uj >)i > 0. 

Proof. Since the vertex operator algebra {V,uj) satishes (15.ip . we have 

dimCy(Cy(< UJ >))i + dimCy(< uj >)i = dim Vi. 

Note that uj G Sc(l/,a;) is not zero, then Cy(< uj >) ^V. Hence Cy(< uj >)i 7 ^ Vi. And 
since V is generated by Vi, then Cy(C'y(< a) >))i 7 ^ 0. Since uj ^ uj, then ca — a) 7 ^ 0. 
Thus dimC'y(C'y(< uj >))i = dimCy(< uj — uj >)i > 0. So dimCy(Cy(< uj >))i > 0 
and dimCy(< u; >)i > 0 . □ 
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Proposition 5.4. Let {V,u}) be a nondegenerate simple CFT type vertex operator algebra 
generated byVi. If h ^ Vi such that {h, h) = 1 and L{l)h = 0, then the vertex subalgebra 
< h > of V is isomorphic io 0) and the pair (< h >, cu') with oj' = \h_ih-il E V 2 , is 
a semi-conformal subalgebra of {V,u)). In particular, z/dim Pi = 1 such that L(l)Pi = 0, 
then iy, u) = (Pi;(l, 0), cua) with A = 0. 


Proof. Let /z G Pi be as in the assumption with hih = {h, h)l = 1. Since P is N— graded, 
we have hnh = 0 for all rz > 2 and 

+00 / 

-i: : 

k=0 ^ 

for m,n G Z. Since [v,u] = vo{u) defines a Lie algebra structure on Pi, hence hoh = 
[h, h] = 0. So we have 

[h-m; hn\ mifi, h'^djYi+nfl fd 0 fd • 

Let 1) = C/z. This defines a Heisenberg Lie algebra homomorphism t) -A End(P) with 
h ® hn and C 1 —)■ Id.(cf. Section 13.ip . Let U =< /z > be the vertex subalgebra 

generated by h. Then there is a vertex algebra homomorphism P^(1,0) V sending 
/z(—1)1 to h_il = h. The mage of this map is exactly U. Since Vy, 0) is a simple vertex 
algebra. Thus U = Pjj(l,0). In the following we discuss the conformal elements. The 
vertex algebra P^(1,0) with the conformal vector u' = i/z(—l)/z(—1)1 and the central 
charge c = 1. Its image in U will still be denoted by u' and u' = i/z_i/z_il G P 2 . Thus 
{U,u') is a vertex operator subalgebra of (P, cu). We now show that this map is semi- 
conformal or and 00 ' is semi-conformal in (P, cu) if L{l)h = 0 (the condition has not yet 
been used!). By using Proposition 12.21 we only need to check the following equations, 
since (f/, u') is already a vertex operator algebra. 


^ (/Zfc/z) 7n-\-n—k = {hoh)m+n + m{hih) 

m+n—1; (5.6) 


^ L{0)u' = 2u'-, 

L{l)u' = 0; 

< L{2)u' = |1; (5.7) 

= L{-l)uj'; 

^ L{n)u}' = 0, n > 3. 

The first is true since 00 ' G P 2 . The last one holds since P is N-graded. The fourth 
one holds always. Similar to fl5.6p . using the assumption that L(l)/z = 0 and the fact 
L{k)h = 0 for k >2, we have 

+ 00 / I H \ 

[L(m), hn] = 7n-\-n—k {L{~I)h)m+n+l + y + l)(-h(0)/z)m+n- (5.8) 

k=-l ^ ' 


Using the fact that Y{L{—l)v,z) = -^Y{v,z) one gets (L(—l)n)„+i = —(rz-M)n„. Hence 


[L(?7z),/z^] nhYi-\-m 







HEISENBERG VERTEX OPERATOR ALGEBRAS 


23 


for all m,n ^ "L. Thus 


i(2V = i|L(2).ftLll 

= h-ihi)l = — 1 . 


L{l)uj' 


idUij.MA-i + fc-iWL.M)! 

-(ho/i_i + h_iho)l = -hoh-il = -hoh = 0. 


Now assume dimVi = 1. Then any orthonormal element h ^ Vi satishes the condition 
L{l)h = 0. Since V is generated by Vi, hence V ~< h >= 1/^(1, 0) and the conformal 
vector of V is □ 


We remark that a consequence of this proposition is the following which will be repeat¬ 
edly used in the proof of Theorem 11.41 

1) Under the assumption that T(l)Vi = 0, than any h E Vi with the property that 
{h, h) = 1 dehnes an element ujh E Sc(l/,a;); 

2) Note that Cv{{h}) = Cv{< h >) = CviCviCvi< h >))). If Cv,{h) = {v E 
Vi I ho^v) = 0} is the centralizer of h in the Lie algebra Vi and = {v E Vi \ {v, h) = 0} 
is the subspace, then Cvi{h) n /i“*“ C {Cv{< h >))i. In particular, let Vi be an abelian 
Lie algebra and dimUi > 2. Then Sc(I/,a;) \ {0,a;} is not empty if Ker(L(l) : Vi —)■ Cl) 
contains an element h with {h, h) ^ 0. 

3) If {V,u) has central charge ^ 1, then for any h E Vi as in Proposition 15.41 then 
Cv{Cv{< h >)) 7 ^ V. Hence, Sc(I/,a;) \ {0,a;} is not empty. 

4) For any oj' E Sc(U, cn), if L(l)Ui = 0, then L'{l){Cv{Cv{< oj' >))i) = 0. 

5.5. Proof of Theorem 1.4. We will use induction on dimVi. If dimVi = 1, the 
theorem is the special case in Proposition 15.41 Hence {V,uj) = 1^(1, 0) with central 
charge 1. 

Assume dimUi > 2. Since the bilinear form (•, •) on Vi is non-degenerate, there is an 
h E Vi such that {h,h) = 1. Since L(l)Ui = 0, Proposition 15.41 implies that to' = coh = 
G V 2 is a semi-conformal vector of iV^uj). Then the assumption of the theorem 

implies 

{V,uj) = {Cv{< Uh >),uj-ujh) O {Cv{< uj-ujh >),u}h) 

as vertex operator algebras. 


(5.9) 
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Let V'{h) = Cy{< (jj — ujh>) with conformal vector and V''{h) = Cy(< ojh >) with 
conformal vector oj — Uh- Then, by Lemma [5Tl 1), both (y'{h),Uh) and (y'{h),u) — ojh) 
satisfy the conditions of this theorem. If we can prove that 

diml/'(h)i < diml/i and diml/"(h)i < dimVi, (5.10) 

then the induction assumption will imply that both V'{h) and V''{h) are Heisenberg 
vertex operator algebras of the specihed rank and of the specihed conformal vector. Thus 
the tensor product vertex operator algebra also has the same property. By Lemma 15.31 
we only need to show that ujh ^ ^ when dim Hi > 2. However one cannot be sure that 
cj/i 7 ^ cj in this case for arbitrarily chosen h G H. But we can choose h E Vi with {h, h) = 1 
such that dimH'(/i)i is the smallest possible. We claim that dimH'(/i)i = 1 and then 
diml/"(h)i = dim Hi — 1 > 0. Then we are done. In the following we prove this claim. 

Note that h G V'{h)i implies that dimH'(/i)i > 0. Assume that dimH'(h)i > 2. By 
Lemma l5Tl l). V'{h) is nondegenerate simple CFT type and is generated by V\h)i as a 
vertex algebras. Thus the bilinear form (•, •) remains nondegenerate when restricted to 
V'{h)i. There is an h' G V'{h)i such that {h',h') = 1 and {h,h') = 0. Hence h and h' 
are linearly independent. Set Uh> = G V'{h) 2 - Then uy is a semi-conformal 

vector of H by Proposition 15.41 By using Proposition 12.21 uy is also a semi-conformal 
vector of V'{h). Thus ujh' A ^h- We now claim that Uh' 7 ^ oJh- Applying Lemma 15731 
we will have dmiCv'{h){Cv'{h){< ^h' >))i < dimH'(h)i. Since Cv'{h){Cv'{h){< ^h' >)) = 
Cv{Cv{< (^h' >)) = we have a contradiction to the choice of h. Hence we must 

have Uh = Uh'- Note that H'(h) contains to vertex subalgebras U{h) and U{h') generated 
by h and h' respectively with Uh and Uh' being conformal vectors respectively as in the 
proof of Proposition 15.41 and h^Uh' = h' and hiUh = h. But using 

[h\, h_i] = (hoh)o -|- {h!ji)_i = (hQh)o and ^^1 = 0 for all n > 0, 


we compute 

h' = h\uh'= h\uh = ]^{[h'yh_i]h_i + h_i[h\,h_i])l 

= i((Woft)-il = \((Kh)«h = 

By setting h” = [h', h], we have [h", h] = 2h' in the Lie algebra H. Exchanging h and h' 
we also get [[h, h'], h'] = 2h, i.e., [h",h'] = —2h. This also implies that h" 7 ^ 0 and the 
linear span of {h, h', h"} is Lie algebra isomorphic to sh with the standard generators 


h + ih' 
^f2i 


J 


ih -|- h' 

^TIT’ 


k 


ih". 


(5.11) 


Thus we have 


[fc, e] = 2 e, [fc, /] - 2 /, [e, /] = k. 
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Since the bilinear form (•, •) is invariant, a direct computation shows that 

(h", h) = {h", h') = 0 and (h", h") = -2. 

Then is also a semi-conformal vector of V'{h). If ¥" ^h, we are done. We 

shall show that this is the case. 


Let U be the vertex subalgebra generated by {h, h', h"} in V\h) with the conformal 
vector ojh with has central charge 1. Then is a quotient of the affine vertex algebra 
0) and there is a surjective map U —)■ 0) such that the images of coh, ooh', and 

Uh" in T^(l, 0) are 

<^h = ^h(-l)h(-l)l, ooh' = ^h'(-l)h'(-l)l, and oJh" = ^h"(-l)h"(-l)l 

respectively. Here we are using the notation h{—l) = h ® t~^ in the affine Lie algebra. 
Note that, under the basis {e, f,k} in s[ 2 , we have 


h 



if), h' 


y/2i 


(/ -*e). 


and h" = —ik. 


Expressing three vectors in terms of {e,/, A;} in Ljj^(l,0) = < 

e(— 1)^1 >, we have 

= ^(/(-l)/(-l)+ f/(-l)e(-l)+ie(-l)/(-l))l, 

Wh' = ^(-/(-l)/(-l)+i/(-l)e(-l)+ie(-l)/(-l))l. 

Hence — u)/,. — p(—1)^1 7 ^ 0 by considering a PBW basis in (1,0) in the order 

R/( —Tlr) n.M —rris) rit e(—h) with all iRs, h > 0 and using the fact that the weight 
two subspace of < e(—1)^1 > is e(—1)^1. This also implies that Cjh, oJh', and 
are distinct in 0). This contradicts the early assumption that oOh = ^h' = '^h" 

Thus, we have completed the proof of the theorem. □ 

Remark 5.6. 1) The condition L(l)Vi = 0 is satished for most vertex operator algebras 
arising from Lie algebras with standard conformal structures |BF| Section 7.1.1, 7.1.2]. 

2) In Theorem 1.4, the condition L{l)Vi = 0 is crucial in distinguishing the standard 
conformal structure cja with A = 0 on V]j(l, 0) from other cja with A 7 ^ 0. 

3) The tensor decomposition condition (II.Ij) 

Vo;' e Sc(H,a;),I/ ~ Cv{Cv{< u' >)) ® Cv{< 00 ' >) 

is critical in conditions to distinguishing Heisenberg vertex algebra from other vertex 
algebras arising from Lie algebras. Checking this condition could be a challenge. 
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For a vertex operator algebra iV^uj) of nondegenerated simple CFT type, by Lemma 
5.1, the condition (II.Ij) implies that for an u' G Sc(l/,ci;), the following assertions hold: 

(1) Cy{Cy{< oj' >))i and Cy{< uj' >)I are mutually orthogonal in Vy 

(2) Vi — Cy[Cy[< Oj' >))i © Cy(y< uJ >)i. 

On the other hand, the following Lemma will provide a way to verify the condition 
(HHi. It will also be used in the proof of Theorem 11.51 

Lemma 5.7. Let {V^uj) he a nondegenerate simple CFT type vertex operator algebra. 
For u' G Sc(l/,ci;), assume d\mCy{Cy{< u' >))i ^ 0, dimOy(< u' >)i ^ 0, and 
dimVi = dimOy(< u' >)i + d\mCy{Cy{< oj' >))i, then we have 

1) i/ = Cy{< uj' >) © Cy{Cy{< Uj' >)); 

2) Cy{< Uj' >) =< Cy{< Uj' >)i > and Cy{Cy{< Oj' >)) =< Cy{Cy{< Uj' >))l > . 

Proof. Note that < Cy{< u' >)i > <S) < Cy{Cy{< oj' >))i > is a vertex operator 
subalgebra of V with the same conformal vector u and weight one subspace being Cy(< 
oj' >)i © Cy{Cy{< oj' >))i. The assumption of the dimensions of weight one subspaces 
implies 

Oy(< Oj' >)i © Cy{Cy{< Oj' >))l = Vi. 

Since V is generated by Vi and the centres of Cy(< oj — oj' >) and Cy{< oj' >) are all 
one dimensional subspace Cl, then the assertions 1) and 2) will follow from the dehnition 
and Lemma [5.11 □ 

5.8. Proof of Theorem 1.5. For notational convenience, we denote U{u') = Cy{Cy{< 
oj' >)) for each u' G Sc(l/, oj). Then U{u — oj') = Cy{< oj' >). Note that U (cn^) © U — 
© • • • © U{oj'^ — oj'^~^) is a conformal vertex operator subalgebra of V with the same 
conformal vector oj. We know that l7(oj^)i © U(oj^ — oj^)i © • • • © U(oj'^ — oj'^~^)i is a 
subspace of Vi. Since dim 17(0;* — o;*“^)i 7^ 0 for i = 1, • • • ,d, then diml7(o;® — o;*“^)i > 1. 
Hence 

W = U{0J^)i © U{u^ - 0J^)i © • • • © U{oj'^ - 

Thus dim 17(0;* — o;*“^)i = 1. By the given chain condition and an induction on d using 
Lemma [5.71 we have 

V =< Cl >=< [/(oj^)i > © < F(oj^ - o;^)i >©•••© < U(oj‘^ - > . 

Thus V = U(oj^) (g) U(oj^ — oj^) (g) ■ ■ ■ (g) U(oj'^ — oj'^~^) and 17(0;*—0;*“^) =< 17(o;* — o;*“^)i > 
for i = 1, • • • ,d. Since diml7(o;* — oj'~^)i = 1 and the assumption L(—l)Vi = 0, Proposi¬ 
tion [53] implies that 17(0;* — 0;*“^) is isomorphic to a Heisenberg vertex operator algebra 
Vj^(l,0) with dim!) = 1 and conformal vector of the form with A = 0. Therefore, 
V is isomorphic to the Heisenberg vertex operator algebra 1^(1, 0) with \) = Vi and the 
conformal vector of the form cja with A = 0. □ 
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Remark 5.9. Theorem 11.51 can also be proved using the argument used in the proof 
of Theorem 11.41 The advantage of Theorem 11.51 is that one does not have to verify the 
condition fll.ip for all cj' G Sc(l/,a;). The condition of Theorem 11.51 is more convenient to 
verify when one uses a specihc construction of V such as most of the known examples. 
Once again, the condition L{l)Vi = 0 is to ensure that the condition A = 0 for the 
conformal vector cja- When the condition L[l)Vi = 0 is removed, one expects that V 
is still isomorphic to with conformal vector cja and A needs not be zero. More 

discussions on general Heisenberg vertex operator algebras will appear in an upcoming 
paper. 


6. The conclusion and further discussion 

This paper intends to understand properties of vertex operator algebras in terms of 
a certain geometric objects attached to them. For a general vertex operator algebra 
(H,cj). Theorem 1.1 tells us the set Sc(l/,a;) of semi-conformal vectors of {V,u) is an 
affine algebraic variety and it has a partial ordering (Dehnition 2.7) and an involution 
map induced by the coset construction. 

To describe the structure of the variety Sc(l/, w) for a general vertex operator alge¬ 
bra iy^uj) and to see how this variety determines the vertex operator algebra ( 17 , 0 ;), 
Heisenberg vertex operator algebras (1^(1, 0), o;a) for A G C'^ are the hrst examples to 
look at. In fact, different A’s result in non-isomorphic conformal structures on the same 
Heisenberg vertex algebra 1^(1, 0). In Section 3, we concentrate on the case A = 0 and 
then described the orbit structure of Sc(l^(l, 0), o;) under the action of the automorphic 
group Aut(l^(l, 0), o;)(Theorem 1.2). Moreover, we study the maximal semi-conformal 
subalgebras determined by semi-conformal vectors. These subalgebrs are all Heisenberg- 
type vertex operator algebras and the Heisenberg vertex operator algebra (1^(1, 0), w) 
can be decomposed into the tensor product of any maximal semi-conformal subalgebra 
and its commutant in (1^(1, 0), a;) (Theoreml.3). Moreover, based on properties of affine 
algebraic variety Sc(l^(l, 0), a;), for a nondegenerate simple CFT-type vertex operator 
algebra ( 17 , 0 ;) generated by Vi, we proved (17, o;) is isomorphic to Heisenberg vertex oper¬ 
ator algebra (17^(1, 0), o;) with the assumption of the condition L(l)17i = 0(Theoreml.4 
and Theorem 1.5). Finally, we give two characterizations of (1/^(1, 0), o;) by its variety of 
semi-conformal vectors. 

For the Heisenberg vertex algebra 17^(1, 0), different A's determine different conformal 
vectors o;a, and then give non-isomorphic Heisenberg vertex operator algebras (1^(1, 0), cja) 
For A 7 ^ 0, the automorphic group of Heisenberg vertex operator algebra (1^(1, 0), cja) 
will change and thus determining the orbit structure of their varieties of semi-conformal 
vectors will require much more work than that of the case A = 0. That will be an upcom¬ 
ing work. Furthermore, for Heisenberg vertex operator algebras (1^(1, 0), cja) with A 7 ^ 0, 
we will work for characterizations of them. As we have mentioned in Remark 5.5, the 
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condition L[l)Vi = 0 is critical in distinguishing conformal structure cja with A = 0 on 
0) from other cua with A 7 ^ 0, since Heisenberg vertex operator algebras (1^(1, 0), cua) 
for A 7 ^ 0 will not satisfy the condition L{l)Vi = 0. Characterizing Heisenberg vertex 
operator algebras (V^(l, 0), cua) with A 7 ^ 0 shall be more difficult than that of the case 
A = 0 and but a more meaningful problem. 

For each oj' G Sc(V^(l, 0), ca), we want to describe the set of all semi-conformal sub¬ 
algebras with bj' being the conformal vector. Each of such semi-conformal subalgebras 
is a conformal extension of < ca' > in V^(1,0). We denote this set by 7 r“^(a;') which is 
exactly the set of all conformal subalgebras of the smaller Heisenberg vertex operator 
algebra (1; 0). It is an interesting question to determine this set. This depends 

on the < oj' >-module structure of (1) 0). For affine vertex operator algebras such 

that the conformal subalgebra < ca' > is rational, then decomposing each of the mem¬ 
bers in 7 r“^(a;') as direct sums of irreducible modules was the motivation for the study of 
semi-conformal subalgebras. 

Similar to the Heisenberg case, same question can also be asked for an affine vertex 
operator algebra V corresponding to a hnite dimensional simple Lie algebra g, the variety 
Sc(l/, cn) is closely related to the Lie algebra g with the fixed level k. In the case that 
{y,u) is a lattice vertex operator algebra corresponding to a lattice (L, (•, •)), the variety 
Sc(l/, w) is determined completely by the lattice structure. In the upcoming work, we 
shall also describe invariants of affine vertex operator algebras and lattice vertex operator 
algebras in terms of the affine varieties Sc(l/, cn). 
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